Abstract. Competition graphs were rst introduced by Joel Cohen in the study of food webs and have since been extensively studied. Graphs which are the competition graph of a strongly connected or Hamiltonian digraph are of particular interest in applications to communication networks. It has been previously established that every graph without isolated vertices (except K 2 ) which is the competitiongraph of a loopless digraph is also the competitiongraph of a strongly connecteddigraph. We establish an analogous result for one generalization of competition graphs, the p-competition graph. Furthermore, we establish some large classes of graphs, including trees, as the p-competition graph of a loopless Hamiltonian digraph. and show that interval graphs on n 4 vertices are the 2-competition graphs of loopless Hamiltonian digraphs.
3] in connection to the study of food webs and have since found many applications. One such example is the assignment of frequencies to transmitters in radio communication networks. Since it is desirable that a message initiated somewhere in the network be able to reach all stations, typically the digraphs for these networks are strongly connected. Which graphs are the competition graphs of strongly connected digraphs? Answers to this question are provided by Fraughnaugh et al. 4] . The area of competition graphs has been extensively researched, for example by Brigham and Dutton 1, 2], Lundgren and Maybee 7], Raychaudhuri and Roberts 8] , and Roberts and Steif 9] and has generated related topics such as niche graphs, tolerance competition graphs and p-competition graphs. The p-competition graph was rst introduced by Kim, McKee, McMorris, and Roberts 6] . This paper generalizes the work of Fraughnaugh et al. 4] in considering the question which graphs are the p-competition graphs of loopless strongly connected and Hamiltonian digraphs?
For de nitions not given here, the reader is refered to Golumbic 5] . We use V (G) and E(G) to denote the vertex set and edge set of a graph G respectively. We use V (D) and A(D) to denote the vertex set and arc set of a digraph D respectively. We let In D (x) denote the inset of a vertex x in a digraph D and i(G) denote the set of isolated vertices in a graph G. Observe that if G = C p (D), then fIn D (x)jx 2 V (D)g is a p-ECC for G. When p = 1, a p-ECC is called an edge clique cover. One should be careful to make the following distinction between a 1-ECC and a p-ECC for p 2. While in a 1-ECC the sets are necessarily cliques in the graph, for p 2, the sets in a p-ECC are not necessarily cliques. Every intersection of p sets in the family is either a clique or the empty set (see Figure 1) Fig. 1 . The family of sets f1;2;3; 4g;f1;2g;f2;3g;f3;4g;f1;4g is a 2-ECC for the graph on the left. The family of sets f6;7;8g;f6;8; 9g;f8;9;10g is a 1-ECC for the graph on the right.
Preliminaries. The p-competition
We let p E (G) denote the minimum cardinality of a p-ECC for the graph G. Kim, et al. 6] proved that if G has n vertices and 1 E (G) n ? p + 1, then G is the p-competition graph of an arbitrary digraph (possibly with loops). The same authors also proved that a graph G with n vertices is a p-competition graph of an arbitrary digraph if and only if p E (G) n. This generalizes a result by Brigham 
Recall that if a digraph is strongly connected, then every vertex has an incoming and an outgoing arc. Consider the graph in Figure 2 . A 1-ECC for this graph has at least 9 sets, thus every vertex in the digraph must have at least two incoming arcs, one for each endpoint of an edge in the graph. The isolated vertex, is not in a minimum 1-ECC but must have an outgoing arc in order that D be strongly connected. This outgoing arc creates a competition between the isolated vertex and some other vertex in the graph, a contradiction. This graph is the 2-competition graph of a loopless strongly connected digraph (see the digraph in Figure 2 ). Notice that by adding 9 to the inset of 8 makes the digraph strongly connected, but 9 competes at most once with any other vertex. Theorem 3.2. Let p 2 and G be a graph which is the p-competition graph of some loopless digraph. Then G is the p-competition graph of some strongly connected loopless digraph.
Proof. Observe that if G has jV (G)j isolated vertices then let D be a directed cycle on jV (G)j vertices and C p (D) = G for D strongly connected. Therefore we may assume G has at least one edge. Since in each case the contradiction implies D has fewer than k strongly connected components where k 2, we must have k = 1, i.e., D is strongly connected. Therefore every graph which is the p-competition graph of a loopless digraph is the p-competition graph of a strongly connected loopless digraph. A branch of a tree is a path of the tree with the vertex at one end adjacent to an internal vertex (or a vertex with at least three neighbors including the vertex of the branch). A maximal branch has the further property that the other end vertex is a pendant vertex.
Lemma 4.4. Let T be a tree which is the p-competition graph of a loopless Hamiltonian digraph. Let T 0 be a tree produced from T by adding a branch of l new vertices (l 2). Then T 0 is a k-competition graph of a loopless Hamiltonian digraph for p k p + l ? 1. Proof Since there are q vertices in T 0 , we add 2p ? q + 6 ? q = 2(p ? (q ? 3)) vertices to obtain T, and conclude T is a (q ? 3) + (p ? (q ? 3)) = p competition graph.
If q = 5, T must have a maximal branch with one vertex; otherwise all branches of T are of length 2, i.e., T has an odd number of vertices, a contradiction since n = 2p. Remove this branch. The resulting tree has 2p ? 1 : Proof. (by induction on n) If n = 5, we verify the result by considering all possible graphs (see Figure 3) . Assume the statement is true for chordal graphs which are not complete on n = k 5 vertices and let G be such a chordal graph on n = k + 1 vertices. Let x be a simplicial vertex in G (a vertex is simplicial if its neighborhood induces a complete subgraph; every chordal graph has at least two simplicial vertices 5]). Consider G 0 = G ? fxg.
Case 1: G 0 is complete. Suppose there is exactly one vertex in G 0 that is not adjacent to x in G. Then G is K n minus one edge and by Lemma 5.3, is the 2-competition graph of a loopless Hamiltonian digraph. Suppose there are at least two vertices, x i and x j of G 0 that are not adjacent to x in G. Let C be the maximal clique in G containing x. Create D as follows. Let In(x) = V (D) ? fxg. Let In(x i ) = In(x j ) = C. For all x 0 , x 0 6 = x; x 0 6 = x i ; x 0 6 = x j ; let In(x 0 ) = V (D)?fx 0 ; xg. Then G is the 2-competition graph of D. Since the digraph D?fx i ; x j g has all possible arcs, x has an arc to x i , x i has an arc to some vertex x 0 of V (G) ? fx; x i ; x j g, x 0 has an arc to x j , and x j has an arc to some vertex x 1 of V (G) ? fx; x i ; x j ; x 0 g, we conclude that D is Hamiltonian. Furthermore C In(x i ) and V (G 0 ) In(x), so every maximal clique is contained in at least one inset of D. Suppose x j is the only vertex that is not adjacent to x in G. Then G 0 ? fx j g is a clique and G ? fx j g is a clique. Since this implies x j is simplicial in G and G ? x j is complete, we are in case one, completing the proof. 
